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ABSTRACT

Making use of EOF analysis and statistical optimal averaging techniques, the problem of random sampling
error in estimating the global average temperature by a network of surface stations has been investigated. The
EOF representation makes it unnecessary to use simplified empirical models of the correlation structure of
temperature anomalies. If an adjustable weight is assigned to each station according to the criterion of minimum
mean-square error, a formula for this error can be derived that consists of a sum of contributions from successive
EOF modes. The EOFs were calculated from both observed data and a noise-forced EBM for the problem of
one-year and five-year averages. The mean square statistical sampling error depends on the spatial distribution
of the stations, length of the averaging interval, and the choice of the weight for each station data stream.
Examples used here include four symmetric configurations of 4 X 4, 6 X 4,9 X 7, and 20 X 10 stations and

the Angell-Korshover configuration. Comparisons with the 100-yr U.K. dataset show that correlations for the"

time series of the global temperature anomaly average between the full dataset and this study’s sparse configurations
are rather high. For example, the 63-station Angell-Korshover network with uniform weighting explains 92.7%
of the total variance, whereas the same network with optimal weighting can lead to 97.8% explained total
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variance of the U.K. dataset.

1. Imtroduction

A number of investigations have recently focused
on the problem of global-scale climate change. In par-
ticular, the issue of whether the earth’s surface tem-
perature has warmed in the last century is of interest
because of the possibility of warming forced by in-
creases in the so-called greenhouse gases (e.g., Folland
etal. 1992). Empirical investigations from several lab-
oratories throughout the world have indicated that the
global average temperature may have increased by as
much as 0.6°C over the last century (Hansen and
Lebedeff 1987; Jones et al. 1986a; Jones et al. 1986b,c;
Jones and Wigley 1990; Jones et al. 1991; Vinnikov et
al. 1990; Folland et al. 1992; Karl et al. 1993). The
importance of the outcome suggests further scrutiny
of the methodology of such analyses. In particular,
questions have been raised about the adequacy of var-
ious methods of removing some rather obvious biases
from the record, such as those attributable to the sys-
tematically changing urban heat island effects or by
changes in the routine practices of sampling the sea
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surface temperature by buckets or by engine intake
water. Investigation of such contributions to the error
budget requires a careful review of the instrument his-
tories contributing to the record. Another potentially
large error is that of statistical sampling, although it
can be minimized by optimal averaging schemes (e.g.,
Kagan 1979). Yet the broad spectrum of spatial scales
of temperature anomalies gives rise to the question of
whether a relatively sparse network of arbitrarily dis-
tributed stations omits nonnegligible contributions to
the variance at fine scales. The problem as such has
been a concern for a long time. Recent studies include
those by Trenberth and Olson (1992) and Madden et
al. (1993). Both of them rely heavily on Monte Carlo
techniques based upon GCM studies using perpetual
month simulations.

The purpose of this paper, combining the use of an
optimal averaging technique and EOF analysis, is to
evaluate the statistical sampling error incurred in es-
timating the global temperature by a sparse network
of a finite number of stations whose data streams are
averaged through a time interval 7, for example, one
or five years. In particular, we set up a minimal mean-
square-error criterion, which is a function of the net-

‘work configuration and the weight assigned to each

station for a specified averaging time interval. Our
present investigation is an outgrowth of an earlier study
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for comparing area-averaged rain rate designs (North
and Nakamoto 1989).

Past work using statistical optimal averaging schemes
has required an empirical, rather simplified, and some-
times inappropriate homogeneity or isotropy assump-

‘tion on the correlation field, such as that given by Eq.
(10) in Vinnikov et al. (1990). Our mean-square error
minimization method takes a spectral approach and
does not require explicit simplified modelis of the cor-
relation field. By spectral approach, we mean that the
correlation structure is expressed in terms of a sum of
EOF basis functions. EOFs sometimes have a dynam-
ical interpretation, but more directly they provide in-
formation about how variance is distributed with spa-
tial scale even for nonhomogeneous fields. As will be
shown in this paper, the mean-square sampling error
can be expressed in terms of a sum of contributions
from successive EOF modes [see Eq. (31)] and the
error variance contributions due to temperature
anomalies at different spatial scales become explicit.
In addition, the spectral approach has some compu-
tational advantage. When considering different aver-
aging time interval length ~—for example, one year,
two years, or five years—the EOFs and their eigenval-
ues, which depend on 7, can be readily recalculated.
But the empirical and analytic expressions of the cor-
relation fields for different + values, which are required
by the classical optimal averaging scheme, are not easily
parameterized. The EOFs, by definition, take into ac-
count the second moment (variance and covariance)
properties of any nonhomogeneous field.

In section 2, we express the dependence of the mean-

Square error on the network configuration, the weights, -

and the correlation structure of the temperature
anomaly. The scheme to obtain minimum mean-
square error—that is, the scheme of optimal weight-
ing—and the EOFs are introduced in section 3. Several
examples are described in section 4, and conclusions
are given in section 5. :

2. Weighted estimator

We wish to measure the globally averaged temper-
ature 7.(t) time averaged through the interval = cen-
tered at £. The true value of this quantity is

1

T == | Tk, 0de, (1)
47 Jan
where
1 7 (2 .
TA(%, ) = —f T(f,t')dt’ (2)
T Ji—7/2

is the 7-length averaging, f is a unit vector pointing
from the center of the earth to a point in question on
the spherical surface of the earth, T(¥, t) is the tem-
perature at t and ¢, d is the element of solid angle,
and 4~ is used to denote that the integral is to be taken
over the entire sphere.
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Departures of the 7-average from the ensemble av-
erage are due to natural variability. Such a departure
is called an anomaly:

AT/}, 1) = TR, 1) — (T}, 1)), (3)

where '< T.(¢, t)> denotes the ensemble average of T,(F,
t). Similarly, we can define an anomaly of the global
average temperature:

AT(t) = T(1) — {TAD). (4)

By definition _
- (AT(nd =0. (5)

In what follows we will deal with the anomaly field
and its global average. However, to keep the notation
simple, we drop the prefix A.

The global average temperature anomaly may be
estimated from the data streams collected from a given

network of N, stations {¥;,j = 1,2, 3,..., Ny} by
the estimator :
T = z jT‘r(fja t)’ (6)

where w; is the weight assigned to the jth station. If we
assume that { T,(f, #)) hardly changes in space, then
the no-bias constraint on the weights is

(7)

This constraint is not strictly necessary, since we are
dealing with an' anomaly field. However, we enforce it
as a safety measure, since we do not have perfect
knowledge of the ensemble average. Of course, if this
condition is removed, the resulting mean-square error
would be smaller. Hence, our estimate may be consid-
ered as the upper bound of the mean-square error.
We may write the estimator of the global average

~anomaly defined by (6) into an integral form

- 1 o
0= [ we®TG A, ®
where ‘
Nnel
W{net} (l') 477 z wjé(r ) (9)

_[ 1

The subscript {net} is used to empha51ze that the
function is dependent on the configuration of stations
and 6(+) is the Dirac delta function.

Now we may form the mean-square error

€= (T, -T)%

X

2
) dQ [1 — Winey(F)] T(F, t)) > , (10)
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where €2 is a function of the weight vector w = {w;}.
A natural question is what is the size of ¢? and how
does it vary for different choices of the station network
{#;} and of the weight vector w. In particular, one might
wish to know the best choice of w, in the sense of min-
imum €, for a given configuration {;}, since the latter,
representing the locations of historical stations, is often
beyond the control of the investigator. Another mean-
ingful problem is to find the network {f;} such that ¢
is least for uniform w = { w; = 1/ N, }. Both problems
have been studied for the case of a planet with rota-
tionally invariant statistics (North et al. 1992; Hardin
et al. 1992; Hardin and Upson 1994). The Angell-
Korshover network of stations is an example of a con-
figuration {f; } in which a set of stations was found by
trial and error that in some practical sense minimized
€2 (Angell and Korshover 1983; Angell 1992). In the
present study we apply the spectral technique to the
case where the statistics are not homogeneous but
rather are the actual nonhomogeneous statistical char-
acteristics of the anomaly of the real earth’s surface air
temperature field.

Expanding the formula for the mean-square error
leads to

=T, - TH)T. - T))
2 Nnet

’ ” 1 I SAR B
= J;ﬂ dQ LW dQ [(47‘_)2 yym El w;id (' — &)

Nnc(

s wiw,a(f'—fi)a(f"—fj)]p,<f',f"), (1)

i,j=1

where we have introduced the temporally smoothed
covariance

p(F', 1) = (T,(}', )T, 1)).

In practice, we form the covariance matrix by cross
product between the expansion coefficients of T(f, ).
Then, the eigenvectors ( vectors of spherical harmonic
expansion coefficients) of this covariance matrix are
translated into the eigenfunctions in real space (see
Kim and North 1993). All second moment informa-
tion about the anomaly field averaged over the interval
 is contained in this temporally smoothed covariance
function. The eigenfunctions of this covariance, when
viewed as a kernel of a linear integral operator, are very
useful in a number of estimation problems (see, e.g.,
North et al. 1995; North and Kim 1995; Kim and
North 1992, 1993). The eigenfunctions of the covari-
ance kernel are the EOFs for the smoothing interval 7
(also called Karhunen-Loéve functions) and their ei-
genvalues are the individual component contributions
to the total variance of the anomaly field (see, €.g.,
North et al. 1982). These eigenfunctions and their ei-
genvalues in general depend on 7 but we will not clutter
the notation further with this index.

(12)
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3. Minimizing the mean-square error

Next we take the variation of the mean-squared error
with respect to the weights { w; }, holding the station
locations fixed, all subject to the no-bias constraint (7).
This is accomplished with the method of Lagrange
multipliers (e.g., Arfken 1985). We simply extremize

Nﬂet
Jwl=€ew]—2A[2 w;— 1],

Jj=1

(13)

where 2A is a Lagrange multiplier and is always re-
garded as being a constant in the computational pro-
cedures following. This philosophy is the same as the
method of optimal statistical averaging (e.g., Kagan
1979). Taking the partial derivatives of J[w] with re-
spect to the weights and the Lagrange multiplier and
setting them individually to zero,

a

— =0, i=1,..., Npe, (14)
3W,‘
aJ
—=0. 15
34 (15)
Inserting the expression for e results in
Nnet 1
Z ij‘r(ﬂ:ia fj) —A= _4_J‘ p‘r(f; ]l’:,) dQ,
j=1 T Jar
i= 17' -:Nnela (16)
Npet
> ow; = 1. (17)

=1

The above system is for N, + | unknowns, the N,
weights { w; }, and the Lagrange multiplier A.

To proceed we introduce the EOFs. These are the
eigenfunctions of the r-averaged covariance kernel,

pAE, £) = (TR, 1) T(#', 1)), (18)
and the eigenfunctions v, (t) are defined by
J; PR, E)Yn(F) dQ = Nu(T). (19)

These EOFs have the orthogonality and completeness
properties (Arfken 1985)

L Yn(8) Ym(E) dQ = bpm, (20)

Z Ynl(B) Yul®') = 8(F — ), (21)
n=1

where §,,, is the Kronecker delta. The above two prop-
erties allow us to express

p.(F, 8) = T A B)WulF). (22)
n=1
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This is where, in principle, the EOFs pay off, since
they conveniently express the spatial correlation struc-
ture over the earth for the averaging period . From
the above formulas, the linear equations ( 16) become

Noet

Zaijwj—Azﬁh i=1’2a"'aNnet’ (23)
j=1
where
o = 2 Nbn(E)¥u(E)) - (24)
n=1
1 Z - :
ﬁi = Z_ Z An‘l’n(fi)\bn (25)
0 n=1
and
S R
b= J, wibran. (26)

Up to this point, we have converted the problem (16)
of averaging the unknown covariance function p,(F,
f;) for all stations (i = 1, 2, . .., Nye) to the problem
(26) of averaging the EOFs. The EOF approach au-
tomatically takes care of the nonhomogeneity property
of temperature anomalies and ¥, can be computed fol-
lowing the method of Kim and North (1993). The
EOF ¢, () is expanded into a series of spherical har-
monics:

Ua(®) = 2 a"Y(§), n=

Jj=1

,2,---, (27)

where Y; are the usual spherical harmonics but with
rearranged indices. Then the average of the EOFs are

bn=al”, n=123- (28)

For details of this procedure, see section 2 of Kim and
North (1991). ,

We . now form the N, + 1 dimensional vector of
unknowns {v;} = {w,, + -+, Waner, A} and the Ny
+ 1 dimensional vector of the rhs: {b;} = {8, - -,
Bnners 1}, whence the v; are the solutions of the linear
system

Noatl
2 My, = b;, (29)
j=1
where
Qs I,] < Npet,
—15 iSNnet, j'__Nnet+ 1,
M= (30)

1, 1= Npe + 1,
YO’ i"kj = Nnet + l'

We are now in a position to find the optimal weights
by simply inverting M. We call the optimal weights
{wf, i =1,---, Np}. These optimal weights are

.] < Nnet,
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used to reevaluate the optimal mean-square error that
can be written as the sum of the contributions of the
EQFs in successive order

@ Npet
€= 2 M ¥ — 2 WP ()1 (31)
n=1 i
It is worthy of note that the quantity in brackets will
vanish for sufficiently large N, provided the config-
uration is such that it “covers” the globe in the sense
of a Riemann sum. _

It is interesting to ask about the convergence of the
sum over # in (31). This gives us some idea about the
number of EOF modes needed to get a good answer.
We address this in the. next section, which covers nu-
merical examples. '

4. Numerical examples

In this section we explore the random sampling error
budget for a few network configurations. We use mod-
ified data (smoothed to T11 and T15) obtained from
the U.K. dataset (Jones et al. 1986b,c) for our exam-
ples. Starting with such a gridded dataset entails some
error being introduced into our procedure from the .
outset since smoothing has already been applied in
putting the data into gridded form. In the present ap-
plication we consider this to be unimportant. We sim-
ply are considering the U.K. data to be an example of
a‘dataset with nearly the same statistical properties as
the real temperature anomalies. The original U.K. data
are presented on a 5° X 5° latitude-longitude grid. For
compitational convenience we further smoothed it by
expanding it into spherical harmonics truncated at T11.
Since, from (31), the effects of this truncation are also
potentially important in what follows, we used a T15
truncation to check the sensitivity to truncation level.
We also considered two time averaging intervals, 7 = 1,
5 years.

Two sets of EOFs were used as a measure of sensi-
tivity to their shapes and eigenvalue spectra. The first
set was computed directly from 7-length averages of
the U.K. data; the second set was for 7-length averages
based upon a noise-forced energy balance model. Both
sets of EOF's have been described in detail by Kim and
North (1993).

In all of the examples we used five different network
configurations:

(i) 4 X 4 uniform (in latitude and longitude),
(ii) 6 X 4 uniform,
(iii) 9 X 7 uniform,
(iv) Angell-Korshover grid (63 stations), and
(v) 20 X 10 uniform stations.

Figure 1 shows the convergence of €2 [(°C)?] as a
function of truncation level in (31) using the data-
derived EOFs all for 7 = 1 year; that is, the ordinate
is : '
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FIG. 1. Cumulative error squared [(°C)?] versus truncation level
of the formula for the mean square error (32) [also see (31)] for the
case of one year averages, EOFs computed from U K. data, and EOFs
and data are truncated at T11.

N net

M
6%4 = Z Ay [‘Z/n - 2 wiPt ‘pn(fi)]z (32)
n=1 i

and the abscissa is the total mode number /. Equation
(32) is an ensemble average estimate of the error
squared, and actual error for a particular realization
can be several times larger than (32). In all five cases
it can be seen that the convergence is essentially com-
plete after about 50 EOF modes (cf. T11, which con-
tains 144 spherical harmonic modes). For the densest
network we find standard errors (¢) of about 0.01°C,
while those for the coarsest network are only about
50% larger. For comparison we show in Fig. 2 the cor-
responding graphs for the EBM-derived EOFs. We can
see that the convergence is slower and the asymptotic
mean-square errors are about twice as large (standard
errors about 1.41 times as large).

To see whether our results are sensitive to the trun-
cation level of our spherical harmonic expansion, we
repeated the procedure with a T15 truncation. The re-
sulting convergence graph is shown in Fig. 3, which
almost coincides with Fig. 1. We conclude that for this
problem the T11 truncation is ample.

As an additional measure of the error we took the
100 years of U.K. monthly data and sampled it with
our five configurations defined earlier in this section.
Then the global average from the sparse station sam-
pling is compared with that from the full dataset using
correlation as an index of similarity. We use the zeroth-
order component of spherical harmonic expansion as
the mean of the full data. We used three weighting
schemes to check for the sensitivity to weighting of
station data. The first is uniform weighting (each sta-
tion gets the same weight: 1/N,.), the second is
weighting by area (stations representing larger areas

T T T
20x10 ST (MOD)
--------- A~K ST (MOD)
4 [ - ~  9x7 ST (MOD) P
& f----- 6x4 ST (MOD) __,/—-T*H 1
N 4x4 ST (MQD)-—""
& 3t /"/ B ]
1 o S
=] " PR
-t r= [ -
I 3
~ T e ————
I/ O e
o b o === ===
1 f, ]
1 1 | L
20 40 80 80 100

TOTAL MODE NUMBER (M)

FiG. 2. Same as Fig. | except EOFs are computed from the noise-
forced energy balance model of Kim and North (1992, 1993).

get proportionally larger weights), and finally our op-
timal weighting (using both data-derived and model-
derived EOFs) as derived in the last section. The area
weight for the station at (6;, ¢;) of the 4 X 4 network,
for example, is the area of the earth surface region (6,
— 45°, 6; + 45°) X (¢; — 22.5°, ¢; + 22.5°) (i = 1,
2,-+-, 16). The area weights for other networks of
uniform grid are computed in the similar way. The
area weight for a station of the Angell-Korshover net-
work is computed according to the number of 5° X 5°
boxes associated with the station.

In computing sample correlations we used the 100
years of data at our disposal. Of course, these are not
statistically independent, since there is serial correlation
in the data. The serial correlation in the data increases
the uncertainty in estimating the true correlation with

CUMULATIVE ERR? VS. MODE NUMBER
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F1G. 3. Same as Fig. | except all calculations are based upon
spherical harmonic truncations at T15.
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TABLE 1. Sample correlations r of one year global average estimates
based upon the U.K. 100 year dataset with the various network
configurations and for different weighting schemes.

opt ‘wt (model)

config. - uniform area wt. opt wt (data)
4X4 0.8813 0.9120 0.9168 0.9180
6X4 0.9041 0.9522 0.9634 0.9508
9x7 0.9763 0.9971 0.9949 0.9967
A-K 0.9630 0.9697 0.9893 0.9906
20X 10 0.9999+ 0.9999+ 0.9989

0.9759

"what is effectively less than 100 independent samples.

Nevertheless, the sample correlation r, defined as the
‘correlation coefficient between the time series con-
structed from the full U.K. data and that from sparse
network sampling, are still indicative of the degree of
correspondence between the coefficient of the zeroth-
order spherical harmonic in the T11 truncation and
the estimate based upon the networks of finitely many
‘stations. The results are shown in Table 1.

From Table 1 we can see that the A~K network of
63 stations leads to a sample correlation r = 0.963,
giving an r? of 0.922; in other words only ~8% of the
variance in the record is due to sampling error. How-
ever, if we define the percent sampling error by (1
— r?)1/2 X 100%, the same figures say that for an in-
dividual measurement, the sampling error is about 27%
of the standard deviation of the natural fluctuation.
On the other hand, optimal weighting brings the sample
correlation to r = 0.989, which corresponds to the
sampling error being 15% of the climatological standard
deviation. We show the percentage sampling error [( 1

. —r?)/2 % 100%] in Table 2 for all the five cases con-
- sidered.

Some numerical results presented in Tables 1 and
2 may be puzzling, such as the fact that for the 9 X 7
grid, the area weighting leads to less error than optimal
weighting. This is actually not surprising since the error
here is defined according to the sample correlation
and the time series constructed is only a single realiza-
tion. This sort of error fluctuation is not unusual.

‘Nonetheless, the mean-square error is still smaller when
optimal weights are applied (see Figs. 1-3).

Table 2 shows another interesting feature. The results

in the last two columns are remarkably similar, in spite

TABLE 2. Percent random sampling error V1 — 72 X 100%
compared to the natural variability of annual averages based upon
data in Table 1. :
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TABLE 3. Sample correlations of five year global average estimates
based upon the U.K. 100 year dataset with the various network
configurations for different weighting schemes. The last column shows
the percent error for the optimally weighted case as in Table 2.

config. uniform  area wt. _opt wt (data)  pct samp error
4X4 0.8770 0.9101 0.9008 43%
6X4 0.9053 0.9528 0.9673 25
9xX7 0.9769 0.9967 0.9960 9.0
A-K 0.9644 0.9717 0.9857 17

20 X 10 0.9762 0.9999+ 0.9999+ 0.06

of the fact that the data-derived and the model-derived
EOF:s differ considerably (Kim and North 1993). On
the other hand the data-derived and the model-derived
eigenvalues are rather similar. We believe this similarity
of the error assessments indicates that error budget cal-
culations (and perhaps many other estimation theory
calculations) can be conducted with rather crude EOFs
as long as the eigenvalues are accurately calculated.
This is an important result if true, since EOFs in general
are rather difficult to compute from short data records
(e.g., North et al. 1982; Kim and North 1993).

To get an idea how much the error is lowered by
taking a longer averaging interval 7, we show in Table

. 3 the results for 5-year averages using the observational

EOFs truncated at spherical harmonic resolution T11.
Some improvement is expected by the use of longer
time averaging, since the correlation lengths are some-
what larger over oceans for the longer time period (Kim
and North 1991, 1992). On comparing Table 2 with
Table 3, however, we see only mixed improvement.
We suspect the sampling errors (only 20 ensemble
members for the 5-year averages) in our estimates of
the correlations are to blame for the ambiguity.
Finally, we show the corresponding result for the 1-
year averaging but using the T15 spherical harmonic
truncation (Table 4). These results correspond to the
convergence diagram in Fig. 3. ’
As an additional means of displaying the close cor-
respondence between the global averages of the annual
niean at the 5° X 5° grid level (smoothed to T11) and
the sample estimates by sparse network stations, we
show some time series in Figs. 4 and 5. In Fig. 4 we

TABLE 4. Sample correlations of one year global average estimates
based upon the U.K. 100 year dataset with the various network
configurations for different weighting schemes based upon the T15
spherical harmonic truncation in computing the EOFs from
observational data. :

config.

uniform  area wt.  opt wt (data) opt wt (model) config. uniform  area wt. - opt wt (data)  pct samp error
4X%X4 47% 41% - - 40% 40% 4x4 0.8602 0.9040 0.9330 - 36%
6 X4 43 31 27 31 6X%X4 0.9082 0.9566 0.9771 21
9X7 22 7.6 10 8.1 9X7 09765 0.9931 0.9928 12
A-K 27 24 15 14 A-K 0.9578 0.9688 0.9701 24
20 X 10 0.9775 0.9999+ 0.9999 . 2.6

20X 10 22 1.7 1.0 4.7






